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ENERGY GAP FOR YANG-MILLS CONNECTIONS, I:
FOUR-DIMENSIONAL CLOSED RIEMANNIAN MANIFOLDS
PAUL M. N. FEEHAN
Abstract. We extend an L2 energy gap result due to Min-Oo [28, Theorem 2] and Parker [30,
Proposition 2.2] for Yang-Mills connections on principal G-bundles, P , over closed, connected,
four-dimensional, oriented, smooth manifolds, X, from the case of positive Riemannian metrics
to the more general case of good Riemannian metrics, including metrics that are generic and
where the topologies of P and X obey certain mild conditions and the compact Lie group, G, is
SU(2) or SO(3).
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1. Introduction
The purpose of this article is to prove that energies associated to non-minimal Yang-Mills
connections on a principal bundle, with compact Lie structure group, over a closed, connected,
four-dimensional, oriented, Riemannian, smooth manifold are separated from the energy of the
minimal Yang-Mills connections by a uniform positive constant depending at most on the Rie-
mannian metric on the base manifold and the Pontrjagin degree of the principal bundle. In
particular, rather than require that the Riemannian metric be positive (see Definition 3.1) as
assumed by Min-Oo in [28, Theorem 2] and Parker in [30, Proposition 2.2] and constrain the
four-dimensional manifold to have negative definite intersection form, we instead assume that
the Lie structure group is SU(2) or SO(3) and the Riemannian metric is generic in the sense of
[20], and impose mild conditions on the topology of the principal bundle and four-dimensional
manifold inspired by those employed in the most general definitions of the Donaldson invariants
[14, 15, 26, 29] of the four-dimensional manifold. Our proof leans heavily on analytical results in
Yang-Mills gauge theory developed by the author in [17] and, given those, our main result follows
by adapting the method of Min-Oo in [28]. Our companion article [16] establishes an Ld/2 energy
gap for Yang-Mills connections over closed Riemannian manifolds of arbitrary dimension d ≥ 2.
In Section 1.1, we review the essentials of gauge theory over four-dimensional manifolds needed
to introduce the Yang-Mills energy functional as a Morse function on the quotient space of connec-
tions modulo gauge transformations. We recall the L2 energy gap result of Min-Oo [28, Theorem
2] and Parker [30, Proposition 2.2] for a Yang-Mills connection over a closed, four-dimensional
manifold with a positive Riemannian metric in Section 1.2. We state our generalization of their
result in Section 1.3, where the requirement that the Riemannian metric be positive (but the Lie
structure group, G, is arbitrary) is traded for the requirements that the Riemannian metric be
generic and G be SU(2) or SO(3), together with mild conditions on the topology of P and X.
Section 1.4 provides a guide to the remainder of the article.
1.1. The Yang-Mills energy functional as a Morse function. Let G be a compact Lie
group and P a principal G-bundle over a closed, connected, four-dimensional, oriented, smooth
manifold, X, with Riemannian metric, g, and define the associated Yang-Mills energy functional
by
(1.1) Eg(A) :=
1
2
∫
X
|FA|2 d volg,
where A is a connection on P of Sobolev class W k,2, for an integer k ≥ 1, and its curvature is
denoted by FA ∈ W k−1,2(X; Λ2 ⊗ adP ). Here, Λp := Λp(T ∗X) for integers p ≥ 1 and adP :=
P ×ad g is the real vector bundle associated to P by the adjoint representation of G on its Lie
algebra, Ad : G ∋ u→ Adu ∈ Aut g, and fiber metric defined through the Killing form on g (see
Section 2).
A connection, A on P , is a critical point of Eg — and by definition a Yang-Mills connection
with respect to the metric g — if and only if it obeys the Yang-Mills equation with respect to g,
(1.2) d∗,gA FA = 0 a.e. on X,
since d∗,gA FA = E
′
g(A) when the gradient of E = Eg is defined by the L
2 metric [15, Section 6.2.1],
[23] and d∗A = d
∗,g
A : Ω
p(X; adP ) → Ωp−1(X; adP ) is the L2 adjoint of the exterior covariant
derivative [15, Section 2.1.2], dA : Ω
p(X; adP ) → Ωp+1(X; adP ), for integers p ≥ 0, where
Ωp(X; adP ) = C∞(X; Λp ⊗ adP ).
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The energy functional, Eg, is gauge-invariant and thus descends to a function on the quotient
space, B(P, g) := A (P )/AutP , of the affine space, A (P ), of connections on P (of Sobolev
class W k,2 with k ≥ 2), modulo the action of the group, AutP , of automorphisms or gauge
transformations (of Sobolev class W k+1,2) of the principal G-bundle, P . See [15, Section 4.2]
or [20, Chapter 3] for constructions of the Banach manifold structures on B∗(P, g) and AutP ,
where B∗(P, g) ⊂ B(P, g) denotes the open subset consisting of gauge-equivalence classes of
connections on P whose isotropy group is minimal, namely the center of G [15, p. 132]. A
fundamental investigation of the extent to which Eg serves as a Morse function on B(P, g) —
despite non-compactness — has been provided by Taubes in [44] (see also [42, 45] for related
results due to Taubes).
The quotient space, B(P, g), is non-compact due to its infinite dimensionality. For any C∞
connection, A, we recall that [15, Equation (2.1.25)]
(1.3) FA = F
+,g
A + F
−,g
A ∈ Ω2(X; adP ) = Ω+,g(X; adP )⊕ Ω−,g(X; adP ),
corresponding to the positive and negative eigenspaces, Λ±,g, of the Hodge star operator ∗g :
Λ2 → Λ2 defined by the Riemannian metric, g, so [41, Equation (1.3)]
(1.4) F±,gA =
1
2
(1± ∗g)FA ∈ Ω±,g(X; adP ).
Of course, similar observations apply more generally to connections, A, of Sobolev class W k,2.
When there is no ambiguity, we suppress explicit mention of the underlying Riemannian metric,
g, and write ∗ = ∗g, and d∗A = d∗,gA , and d±A = d±,gA , and E = Eg, and F±A = F±,gA , and so on.
If the first Pontrjagin numbers of P are non-positive, the finite-dimensional subvariety,M(P, g) ⊂
B(P, g), of gauge-equivalence classes of solutions to the anti-self-dual equation with respect to g,
(1.5) M(P, g) :=
{
[A] ∈ B(P, g) : F+,gA = 0 a.e. on X
}
,
is non-compact (assuming non-empty) due to the phenomenon of energy bubbling characteristic
of Yang-Mills gauge theory over four-dimensional manifolds [15, 20]. As we recall in Section 2,
the variety, M(P, g), comprises the set of absolute minima or ‘ground states’ for Eg.
If the first Pontrjagin numbers of P are non-negative, the finite-dimensional subvariety,M(P, g) ⊂
B(P, g), of gauge-equivalence classes, [A], of solutions to the self-dual equation with respect to
the metric g, namely F−,gA = 0 a.e. on X, again comprises the set of absolute minima for Eg.
By reversing the orientation of X, we may restrict our attention without loss of generality to the
case where the first Pontrjagin numbers of P are non-positive.
By a result due to Sibner, Sibner, and Uhlenbeck [40], there exist non-minimal critical points
of the Yang-Mills energy functional on P = S4 × SU(2) and, more generally, principal SU(2)-
bundles, P , over S4 for any c2(P ) ≥ 2 by work of Bor and Montgomery [6, 7], Sadun and Segert
[33, 34, 35, 36, 37], and other four-dimensional manifolds by work of Gritsch [22] and Parker [31].
1.2. Gap between energies of absolute minima and non-minimal critical points. In
view of the preceding discussion and the non-compactness of B(P, g) and M(P, g), it is natural
to ask whether or not there is a positive uniform gap between the energy, Eg(A), of points [A] in
the stratum, M(P, g), of absolute minima of Eg on B(P, g) and energies of points in the strata
in B(P, g) of non-minimal critical points.
The earliest result of this kind is due to Bourguignon and Lawson [8, Theorem D] (see also
their article [9] with Simons) and that asserts that if A is a Yang-Mills connection on a principal
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G-bundle over S4 (with its standard round metric of radius one) such that
‖F+A ‖L∞(S4) <
√
3,
then A is necessarily anti-self-dual. Their result was significantly improved by Min-Oo [28,
Theorem 2] and Parker [30, Proposition 2.2], by replacing the preceding L∞ condition with an
L2 energy condition,
‖F+A ‖L2(X) ≤ ε,
where ε = ε(g) ∈ (0, 1] is a small enough constant and by allowing X to be any closed, four-
dimensional, smooth manifold equipped with a Riemannian metric, g, that is positive in the sense
of Definition 3.1 below. (Min-Oo and Dodziuk [11], Shen [39], and Xin [48] also established L2
energy gap results in the case of four-dimensional, non-compact, smooth manifolds equipped with
complete, positive Riemannian metrics.)
Remark 1.1 (Anti-self-dual connections over the four-dimensional sphere). Anti-self-dual connec-
tions over the four-dimensional sphere, S4, with its standard round metric of radius one, were
completely classified and explicitly identified by Atiyah, Drinfeld, Hitchin, and Manin [2, 3], for
many compact Lie structure groups, G.
Remark 1.2 (Anti-self-dual connections over four-dimensional manifolds). While Sedlacek [38] had
employed methods of Uhlenbeck [46, 47], to give a ‘direct method’ for minimizing the Yang-Mills
energy functional, the question of existence of anti-self-dual connections over four-dimensional
manifolds other than S4 was not settled until the advent of the work of Taubes [41, 43] and
Donaldson [12], drawing respectively on methods of non-linear elliptic partial differential equa-
tions and topology in the first case and on Yang-Mills gradient flow and complex analysis in the
second case. Constructions of anti-self-dual connections over CP2 with its Fubini-Study metric
were provided by Buchdahl [10] and Donaldson [13].
The key step in the proof of Min-Oo’s [28, Theorem 2] is to derive an a priori estimate (see
[28, Equation (3.15)] or Corollary 4.2 below) for the W 1,2A (X)-norm of v ∈W 1,2A (X; Λ+⊗ adP ) in
terms of the L2(X)-norm of d
+,∗g
A v ∈ L2(X; Λ+⊗adP ). (See (4.1) below for definitions of Sobolev
norms and spaces.) To obtain this estimate, Min-Oo employs a Bochner-Weitzenbo¨ck formula for
the Laplace operator, d+Ad
+,∗
A , an a priori estimate due to P. Li [27], and the positivity condition
(3.3) for the Riemannian metric, g, on X.
While Min-Oo’s [28, Theorem 2] and Parker’s [30, Proposition 2.2] hold for any compact Lie
group, G, the positivity condition (3.3) on the Riemannian metric, g, imposes a strong restriction
on the topology of X. Indeed, that positivity condition is obeyed in the case of S4 with its
standard round metric but there are topological obstructions to the existence of such positive
Riemannian metrics on closed, four-dimensional manifolds: a necessary topological condition
is that b+(X) = 0, where b±(X) denote the dimensions of the maximal positive and negative
subspaces for the intersection form, QX , on H2(X;R) [15, Section 1.1.1]; see Atiyah, Hitchin, and
Singer [4], Taubes [41, 43], or Remark 3.4 below. However, an examination of Min-Oo’s proof of
his [28, Theorem 2] indicates that his key a priori estimate [28, Equation (3.15)] is a consequence
of a positive lower bound for the first eigenvalue of the Laplacian [28, Equation (3.1)],
d+,gA d
+,∗g
A =
1
2
(
dAd
∗g
A + d
∗g
A dA
)
on W 2,2A (X; Λ
+ ⊗ adP ) ⊂ L2(X; Λ+ ⊗ adP ),
that is uniform with respect to [A] ∈ B(P, g) obeying ‖F+,gA ‖L2(X) < ε, where ε = ε(g) ∈ (0, 1].
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The purpose of this article is to show that the positivity condition (3.3) on the Riemannian
metric, g, may be replaced by a combination of mild conditions on the topology of P and X,
restriction of the Lie group, G, to SU(2) or SO(3), and genericity of the Riemannian metric, g.
1.3. Main results. Because there are many potential combinations of conditions on G, P , X,
and g which imply that Coker d+,gA = 0 when A is anti-self-dual with respect to the Riemannian
metric, g, it is convenient to introduce the
Definition 1.3 (Good Riemannian metric). Let G be a compact, simple Lie group, X be a closed,
connected, four-dimensional, oriented, smooth manifold, and η ∈ H2(X;π1(G)) be an obstruction
class. We say that a Riemannian metric, g, on X is good if for every principal G-bundle, P , over
X with η(P ) = η and non-negative Pontrjagin degree, κ(P ), in (2.3) and every connection, A, of
Sobolev class W 1,2 on P with F+,gA = 0 a.e. on X, then Coker d
+,g
A = 0.
See Section 2 for the classification of principal G-bundles over closed, four-dimensional mani-
folds, X, when G is a compact, simple Lie group. First, we observe that the proof of [28, Theorem
2], with a minor change described in Section 4, yields the following generalization.
Theorem 1 (L2 energy gap for Yang-Mills connections over a four-dimensional manifold with a
good Riemannian metric). Let G be a compact, simple Lie group and P be a principal G-bundle
over a closed, connected, four-dimensional, oriented, smooth manifold, X, with Riemannian met-
ric, g, that is good in the sense of Definition 1.3. Then there is a constant, ε = ε(g, κ(P )) ∈ (0, 1],
with the following significance. If A is a Yang-Mills connection of Sobolev class W 2,2 on P , with
respect to the metric g, such that
(1.6) ‖F+,gA ‖L2(X,g) < ε,
then A is anti-self-dual with respect to the metric g, that is, F+,gA = 0 a.e. on X.
When g is positive in the sense of Definition 3.1, then the forthcoming Lemma 3.3 implies that
g is good in the sense of Definition 1.3 and therefore Min-Oo’s [28, Theorem 2] and Parker’s [30,
Proposition 2.2] are corollaries of Theorem 1. Alternatively, we may assume that g is good in the
sense of Definition 1.3 if one of the sets of conditions in Corollaries 3.9 or 3.10 are obeyed. Let
π1(X) denote the fundamental group of X.
Corollary 2 (L2 energy gap for Yang-Mills connections over a four-dimensional manifold with
a generic Riemannian metric). Let G be a compact, simple Lie group and P be a principal G-
bundle with κ(P ) ≥ 0 over a closed, connected, four-dimensional, oriented, smooth manifold,
X. Then there is an open dense subset, C (X,κ(P )), of the Banach space, C (X), of conformal
equivalence classes, [g], of Cr Riemannian metrics on X (for some integer r ≥ 3) with the
following significance. If [g] ∈ C (X,κ(P )), then there is a constant ε = ε(g, κ(P )) ∈ (0, 1] such
that the following holds. Suppose that G, P , and X obey one of the following sets of conditions:
(1) b+(X) = 0, the group π1(X) has no non-trivial representations in G, and G = SU(2) or
G = SO(3); or
(2) b+(X) > 0, the group π1(X) has no non-trivial representations in G, and G = SO(3),
and the second Stiefel-Whitney class, w2(P ) ∈ H2(X;Z/2Z), is non-trivial; or
(3) b+(X) ≥ 0, and G = SO(3), and no principal SO(3)-bundle Pl over X appearing in the
Uhlenbeck compactification, M¯ (P, g) in (3.7), admits a flat connection.
If A is a Yang-Mills connection on P , with respect to the metric g, of Sobolev class W 2,2 that
obeys (1.6), then A is anti-self-dual with respect to g, that is, F+,gA = 0 a.e. on X.
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Remark 1.4 (On the hypotheses in Corollary 2 on g, G, P , andX). When b+(X) > 1 and b+(X)−
b1(X) is odd, where b1(X) is the first Betti number of X, the sets of conditions in Corollary 2 on
the Riemannian metric, g, Lie group, G, principal G-bundle, P , and four-dimensional manifold,
X, are those customarily employed in the most general definition of the Donaldson invariants
[14, 15, 26, 29] of X. The possibility that Corollary 2 should hold is hinted at in a parenthetical
remark by Taubes [45, p. 191, second last paragraph].
Remark 1.5 (Exclusion of flat connections in the Uhlenbeck compactification ofM(P, g)). Despite
its technical nature, the alternative ‘no flat connection in M¯ (P, g)’ condition in Corollary 2 is easy
to achieve in practice, albeit at the cost of blowing up the given four-manifold, X, and modifying
the given principal G-bundle, P . Indeed, we recall the following facts discussed in [29]:
(1) If H1(X;Z) has no 2-torsion, then every principal SO(3)-bundle, P¯ , over X lifts to a
principal U(2)-bundle P , every SO(3)-connection on P¯ lifts to a U(2)-connection on P ,
and every SO(3)-gauge transformation lifts to an SU(2)-gauge transformation [29, Remark
(ii), p. 225];
(2) If X˜ is the connected sum, X#CP2, and P˜ is the connected sum of a principal U(2)-
bundle, P , over X with the principal U(2)-bundle, Q, over CP2 with c2(Q) = 0 and
c1(Q) ∈ H2(CP2;Z) equal to the Poincare´ dual of e = [CP1] ∈ H2(CP2;Z), and P¯ is the
principal SO(3)-bundle associated to P˜ , then the following holds: No principal SO(3)-
bundle P ′ over X with w2(P
′) = w2(P¯ ) admits a flat connection [29, Paragraph prior to
Corollary 2.2].
Remark 1.6 (Extensions to complete, four-dimensional Riemannian manifolds). It may be possible
to extend Theorem 1 and Corollary 2 to to the case of a complete, non-compact four-dimensional
Riemannian manifold, thus generalizing [11, Theorem 2] due to Dodziuk and Min-Oo.
Lastly, we note that we establish the following result in our companion article [16] by methods
that are entirely different from those employed in our present article.
Theorem 1.7 (Ld/2-energy gap for Yang-Mills connections). (See [16, Theorem 1].) Let G
be a compact Lie group and P be a principal G-bundle over a closed, smooth manifold, X, of
dimension d ≥ 2 and endowed with a smooth Riemannian metric, g. Then there is a positive
constant, ε = ε(d, g,G) ∈ (0, 1], with the following significance. If A is a smooth Yang-Mills
connection on P with respect to the metric, g, and its curvature, FA, obeys
(1.7) ‖FA‖Ld/2(X) < ε,
then A is a flat connection.
Previous Yang-Mills energy gap results related to Theorem 1.7 — due to Bourguignon, Lawson,
and Simons [8, 9], Dodziuk and Min-Oo [11, 28], Donaldson and Kronheimer [15], Gerhardt [21],
Shen [39], and Xin [48] — all require some positivity hypothesis on the curvature tensor, Riemg, of
a Riemannian metric, g, on the manifold, X. The intuition underlying our proof of Theorem 1.7
is rather that an energy gap must exist because otherwise one could have non-minimal Yang-Mills
connections with Ld/2-energy arbitrarily close to zero and this should violate the analyticity of
the Yang-Mills L2-energy functional, as manifested in the  Lojasiewicz-Simon gradient inequality
established by the author for arbitrary d ≥ 2 in [17, Theorem 23.9] and by R˚ade in [32, Proposition
7.2] when d = 2, 3.
1.4. Outline. In Section 2, we review the classification of principal G-bundles, the Chern-Weil
formula, and the fact that the Yang-Mills energy functional attains its absolute minimum value
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for a connection, A, on a principal G-bundle, P , with non-negative Pontrjagin degree, κ(P ), if
and only if A is anti-self-dual. The difficult part of the proof of Corollary 2 is to show that the
least eigenvalue, µg(A), of d
+,g
A d
+,∗g
A has a positive lower bound µ0 = µ0(g, κ(P )) that is uniform
with respect to [A] ∈ B(P, g) obeying ‖F+,gA ‖L2(X) < ε, for a small enough ε = ε(g, κ(P )) ∈ (0, 1]
and under the given sets of conditions on g, G, P , and X. This step is described in Section 3,
where we summarize our results from our monograph [17, Section 34]. We conclude in Section 4
with the proofs of Theorem 1 and Corollary 2.
1.5. Acknowledgments. I am grateful to Min-Oo for his encouraging comments, to the Depart-
ment of Mathematics at Columbia University for their hospitality during the preparation of this
article, and the anonymous referee for a careful reading of our manuscript and helpful comments.
2. Classification of principal G-bundles, the Chern-Weil formula, and absolute
minima of the Yang-Mills energy functional
We summarize the main points of [17, Section 10], which extends the discussion in Donaldson
and Kronheimer [15, Sections 2.1.3 and 2.1.4] to the case of compact Lie groups, and is based in
turn on Atiyah, Hitchin, and Singer [4] and Taubes [41]. We specialize [17, Section 10] here to
the case of compact, simple Lie groups.
Given a connection, A, on P , Chern-Weil theory provides representatives for the first Pontrjagin
class of adP , namely [41, Equation (A.7)]
(2.1) p1(P ) ≡ p1(adP ) = − 1
4π2
trg(FA ∧ FA) ∈ H4deRham(X),
and hence the first Pontrjagin number [41, Equation (A.7)] (compare [25, page 121]),
(2.2) p1(P )[X] ≡ p1(adP )[X] = − 1
4π2
∫
X
trg(FA ∧ FA).
Principal G-bundles, P , are classified [38, Appendix], [41, Propositions A.1 and A.2] by a co-
homology class η(P ) ∈ H2(X;π1(G)) and the Pontrjagin degree of P [41, Equations (A.6) and
(A.7)],
(2.3) κ(P ) := − 1
rg
p1(adP )[X] =
1
4π2rg
∫
X
trg(FA ∧ FA) ∈ Z,
where the positive integer, rg, depends on the Lie group, G [41, Equation (A.5)]; for example, if
G = SU(n), then rg = 4n.
For G = O(n) or SO(n), then η(P ) = w2(P ) ∈ H2(X;Z/2Z), where w2(P ) ≡ w2(V ) and
V = P ×O(n) Rn or P ×SO(n) Rn is the real vector bundle associated to P via the standard
representation, O(n) →֒ GL(n;R) or SO(n) →֒ GL(n;R); for G = U(n), then η(P ) = c1(P ) ∈
H2(X;Z), where c1(P ) ≡ c1(E) and E = P×U(n)Cn is the complex vector bundle associated to P
via the standard representation, U(n) →֒ GL(n;C) [38, Theorem 2.4]. The topological invariant,
η ∈ H2(X;π1(G)), is the obstruction to the existence of a principal G-bundle, P over X, with a
specified Pontrjagin degree.
Assume in addition that X is equipped with a Riemannian metric, g. To relate the Chern-Weil
formula (2.2) to the L2(X)-norms of F±,gA , we need to recall some facts concerning the Killing
form [24]. Every element ξ of a Lie algebra g over a field K defines an adjoint endomorphism,
ad ξ ∈ EndK g, with the help of the Lie bracket via (ad ξ)(ζ) := [ξ, ζ], for all ζ ∈ g. For a
finite-dimensional Lie algebra, g, its Killing form is the symmetric bilinear form,
(2.4) B(ξ, ζ) := tr(ad ξ ◦ ad ζ), ∀ξ, ζ ∈ g,
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with values in K. Since we restrict to compact Lie groups, their Lie algebras are real. The Lie
algebra, g, is simple by hypothesis on G and so its Killing form is non-degenerate. The Killing
form of a semisimple Lie algebra is negative definite. For example, if G = SU(n), then B(M,N) =
2n tr(MN) for matrices M,N ∈ Cn×n, while if G = SO(n), then B(M,N) = (n − 2) tr(MN)
for matrices M,N ∈ Rn×n. In particular, if Bg is the Killing form on g, then it defines an inner
product on g via 〈·, ·〉g = −Bg(·, ·) and thus a norm | · |g on g.
From (1.3), suppressing the metric, g, from our notation here for brevity, we have
FA ∧ FA = (F+A + F−A ) ∧ (F+A + F−A ) = F+A ∧ ∗F+A − F−A ∧ ∗F−A .
Hence,
trg(FA ∧ FA) = trg(F+A ∧ ∗F+A )− trg(F−A ∧ ∗F−A ) =
(|F−A |2g − |F+A |2g) d vol,
where the pointwise norm |FA|g over X of FA ∈ Ω2(X; adP ) is defined by the identity,
|FA|2g d vol = − trg(FA ∧ ∗FA),
and similarly for |F±A |g. From (2.3), the Pontrjagin degree of P may be computed by
(2.5) κ(P ) =
1
4π2rg
∫
X
(|F−A |2g − |F+A |2g) d vol .
If A is self-dual, then F−A ≡ 0 over X and
κ(P ) = − 1
4π2rg
∫
X
|F+A |2g d vol ≤ 0,
while if A is anti-self-dual, then F+A ≡ 0 over X and
κ(P ) =
1
4π2rg
∫
X
|F−A |2g d vol ≥ 0.
Consequently, if P admits a self-dual connection, then κ(P ) ≤ 0 while if P admits an anti-self-dual
connection, then κ(P ) ≥ 0. On the other hand,∫
X
|FA|2g d vol =
∫
X
(|F+A |2g + |F−A |2g) d vol
≥
∣∣∣∣∫
X
(|F−A |2g − |F+A |2g) d vol∣∣∣∣
= 4π2rg|κ(P )| (by (2.5)).
Hence, 4π2rg|κ(P )| gives a topological lower bound for the Yang-Mills energy functional (1.1),
2E (A) =
∫
X
|FA|2g d vol =
∫
X
(|F+A |2g + |F−A |2g) d vol .
If κ(P ) ≥ 0, then 2E (A) achieves its lower bound,∫
X
(|F−A |2g − |F+A |2g) d vol = 4π2rgκ(P ),
if and only if ∫
X
(|F+A |2g + |F−A |2g) d vol = ∫
X
(|F−A |2g − |F+A |2g) d vol,
that is, if and only if ∫
X
|F+A |2g d vol = 0,
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in other words, if and only if F+A ≡ 0 over X and A is anti-self-dual. Similarly, if κ(P ) ≤ 0, then
2E (A) achieves its lower bound −4π2rgκ(P ) if and only if F−A ≡ 0 over X and A is self-dual.
When there is no ambiguity, we suppress explicit mention of the Lie algebra, g, in the fiber
inner product and norm on adP and write |FA| = |FA|g, and so on.
3. Good Riemannian metrics and eigenvalue bounds for Yang-Mills Laplacians
Consider the open neighborhood in B(P, g) of the finite-dimensional subvariety, M(P, g), de-
fined by
(3.1) Bε(P, g) := {[A] ∈ B(P, g) : ‖F+,gA ‖L2(X) < ε}.
When the Riemannian metric, g, is positive in the sense of Definition 3.1, then the Bochner-
Weitzenbo¨ck formula for the Laplace operator, d+,gA d
+,∗g
A , and a simple argument (see Lemma 3.3
and its proof as [17, Lemma 34.22]) yields a positive lower bound for its least eigenvalue, µg(A),
that is uniform with respect to the point [A] ∈ Bε(P, g).
In this section, we recall from [17, Section 34] how to derive a positive lower bound for µg(A)
that is uniform with respect to the point [A] ∈ Bε(P, g) but without the requirement that the
Riemannian metric, g, be positive.
3.1. Positive Riemannian metrics and uniform positive lower bounds for the least
eigenvalue of d+Ad
+,∗
A when F
+
A is L
2 small. For a Riemannian metric g on a four-dimensional,
oriented manifold, X, let Rg(x) denote its scalar curvature at a point x ∈ X and let W ±g (x) ∈
End(Λ±x ) denote its self-dual and anti-self-dual Weyl curvature tensors at x, where Λ
2
x = Λ
+
x ⊕Λ−x .
Define
w±g (x) := Largest eigenvalue of W
±
g (x), ∀x ∈ X.
We recall the following Bochner-Weitzenbo¨ck formula [20, Equation (6.26) and Appendix C, p.
174], [23, Equation (5.2)],
(3.2) 2d+,gA d
+,∗g
A v = ∇
∗g
A ∇Av +
(
1
3
Rg − 2w+g
)
v + {F+,gA , v}, ∀ v ∈ Ω+,g(X; adP ),
where {·, ·} denotes an algebraic bilinear operation with coefficients that depend at most on the
Riemannian metric g and Lie group G. We then make the
Definition 3.1 (Positive Riemannian metric). Let X be a closed, four-dimensional, oriented,
smooth manifold. We call a Riemannian metric, g, on X positive if
(3.3)
1
3
Rg − 2w+g > 0 on X,
that is, the operator Rg/3− 2W +g ∈ End(Λ+) is pointwise positive definite.
Of course, the simplest example of a positive metric is the standard round metric of radius one
on S4, where R = 1 and w+ = 0. Recall the
Definition 3.2 (Least eigenvalue of d+Ad
+,∗
A ). (See [41, Definition 3.1].) Let G be a compact Lie
group, P be a principal G-bundle over a closed, four-dimensional, oriented, smooth manifold with
Riemannian metric, g, and A be a connection of Sobolev class W 1,2 on P . The least eigenvalue
of d+,gA d
+,∗g
A on L
2(X; Λ+,g ⊗ adP ) is
(3.4) µg(A) := inf
v∈Ω+,g(X;adP )\{0}
‖d+,∗gA v‖2L2(X)
‖v‖2
L2(X)
.
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If the Riemannian metric, g, on X is positive in the sense of Definition 3.1, then the Bochner-
Weitzenbo¨ck formula (3.2) ensures that the least eigenvalue function,
(3.5) µg[ · ] :M(P, g)→ [0,∞),
defined by µg(A) in (3.4), admits a uniform positive lower bound, µ0 = µ0(g),
µg(A) ≥ µ0, ∀ [A] ∈M(P, g).
This concept is illustrated by the following well-known elementary lemma which underlies Taubes’
proof of his [41, Theorem 1.4].
Lemma 3.3 (Positive lower bound for the least eigenvalue of d+Ad
+,∗
A on a four-manifold with
a positive Riemannian metric and L2-small F+A ). (See [17, Lemma 34.22].) Let X be a closed,
four-dimensional, oriented, smooth manifold with Riemannian metric, g, that is positive in the
sense of Definition 3.1. Then there is a positive constant, ε = ε(g) ∈ (0, 1], with the following
significance. Let G be a compact Lie group and P a principal G-bundle over X. If A is a
connection of Sobolev class W 1,2 on P such that
‖F+,gA ‖L2(X) ≤ ε,
and µg(A) is as in (3.4), then
(3.6) µg(A) ≥ inf
x∈X
(
1
3
Rg(x)− 2w+g (x)
)
> 0.
Remark 3.4 (Topological constraints on X implied by positive Riemannian metrics). The pos-
itivity hypothesis on g in Lemma 3.3 imposes a strong constraint on the topology of X since,
when applied to the product connection on X ×G and Levi-Civita connection on TX, it implies
that b+(X) = dimKer d+,gd+,∗g = 0 and thus X is necessarily a four-dimensional manifold with
negative definite intersection form, QX , on H
2(X;R). Indeed, we recall from [15, Section 1.1.6]
that, given any Riemannian metric g on X, we have an isomorphism of real vector spaces,
H2(X;R) ∼= H +,g(X;R)⊕H −,g(X;R),
where H ±,g(X;R) := Ker{d±,gd±,g,∗ : Ω±(X;R) → Ω±(X;R)}, the real vector spaces of har-
monic self-dual and anti-self-dual two-forms defined by the Riemannian metric, g, and b±(X) =
dimH ±,g(X).
Given Remark 3.4, we next discuss a method of ensuring a positive lower bound for the least
eigenvalue of d+,gA d
+,∗g
A that is uniform with respect to [A] ∈M(P, g) but which does not impose
such strong restrictions on the Riemannian metric, g, or the topology of X.
3.2. Generic Riemannian metrics and uniform positive lower bounds for the least
eigenvalue of d+Ad
+,∗
A when F
+
A is identically zero. The second approach to ensuring a
uniform positive lower bound for the least eigenvalue function (3.5) is more delicate than that of
Section 3.1 and relies on the generic metric theorems of Freed and Uhlenbeck [20, pp. 69–73],
together with certain extensions due to Donaldson and Kronheimer [15, Sections 4.3.3]. Under
suitable hypotheses on P and a generic Riemannian metric, g, on X, their results collectively
ensure that µg(A) > 0 for all [A] in both M(P, g) and every moduli space, M(Pl, g), appearing
in its Uhlenbeck compactification (see [15, Definition 4.4.1, Condition 4.4.2, and Theorem 4.4.3]),
(3.7) M¯(P, g) ⊂
L⋃
l=0
(
M(Pl, g) × Syml(X)
)
,
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where L = L(κ(P )) ≥ 0 is a sufficiently large integer.
While the statement of [15, Theorem 4.4.3] assumes that G = SU(2) or SO(3) — see [15, pages
157 and 158] — the proof applies to any compact Lie group via the underlying analytical results
due to Uhlenbeck [46, 47]; alternatively, one may appeal directly to the general compactness
result due to Taubes [42, Proposition 4.4], [44, Proposition 5.1]. Every principal G-bundle, Pl,
over X appearing in (3.7) has the property that η(Pl) = η(P ) by [38, Theorem 5.5].
The generic metric theorems of Freed and Uhlenbeck [20, pp. 69–73] and Donaldson and
Kronheimer [15, Sections 4.3.3] are normally phrased in terms of existence of a Riemannian
metric, g, on X such that Coker d+,gA = 0 for all [A] ∈M(P, g), a property of g that is equivalent
to µg(A) > 0 for all [A] ∈M(P, g), as we shall write in the following restatement of their results.
Theorem 3.5 (Generic metrics theorem for simply-connected four-manifolds). (See [17, Theorem
34.23].) Let G be a compact, simple Lie group and P be a principal G-bundle over a closed, con-
nected, smooth, four-dimensional manifold, X. Then there is an open dense subset, C (X,κ(P )),
of the Banach space, C (X), of conformal equivalence classes, [g], of Cr Riemannian metrics on
X (for some integer r ≥ 3) with the following significance. Assume that [g] ∈ C (X,κ(P )) and
π1(X) is trivial and at least one of the following holds:
(1) b+(X) = 0 and G = SU(2) or G = SO(3); or
(2) b+(X) > 0, and G = SO(3), and the second Stiefel-Whitney class, w2(P ) ∈ H2(X;Z/2Z),
is non-trivial;
Then every point [A] ∈M(P, g) has the property that µg(A) > 0.
The hypothesis in Theorem 3.5 that the four-manifold X is simply-connected may be relaxed.
Corollary 3.6 (Generic metrics theorem for four-manifolds with no non-trivial representations of
π1(X) in G). (See [17, Corollary 34.24].) Assume the hypotheses of Theorem 3.5, except replace
the hypothesis that X is simply-connected by the requirement that the fundamental group, π1(X),
has no non-trivial representations in G. Then the conclusions of Theorem 3.5 continue to hold.
Our results in [17, Section 34.3] ensure the continuity of µg[ · ] with respect to the Uhlenbeck
topology. Plainly, in Definition 1.3, it suffices to consider the principal G-bundles, Pl, appearing
in the space (3.7) containing the Uhlenbeck compactification, M¯(P, g). We now recall the results
required from [17, Section 34] that ensure that a generic Riemannian metric, g, is good under
mild hypotheses on the topology of P and X, provided G = SU(2) or SO(3).
Theorem 3.7 (Positive lower bound for the least eigenvalue of d+Ad
+,∗
A on a four-manifold with
a good Riemannian metric and anti-self-dual connection A). (See [17, Theorem 34.26].) Let G
be a compact, simple Lie group and P be a principal G-bundle over a closed, four-dimensional,
oriented, smooth manifold, X, with Riemannian metric, g. Assume that g is good in the sense of
Definition 1.3. Then there is a positive constant, µ0 = µ0(g, κ(P )) with the following significance.
If A is connection of Sobolev class W 1,2 on P such that
F+,gA = 0 a.e. on X,
and µg(A) is as in (3.4), then
(3.8) µg(A) ≥ µ0.
The conclusion in Theorem 3.7 is a consequence of the facts that M¯(P, g) is compact, the
extension,
(3.9) µ¯g[ · ] : M¯(P, g) ∋ ([A],x)→ µg[A] ∈ [0,∞),
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to M¯(P, g) of the function (3.5) defined by (3.4) is continuous with respect to the Uhlenbeck
topology on M¯(P, g) by Proposition A.3, the fact that µg(A) > 0 for [A] ∈ M(Pl, g) and Pl a
principal G-bundle over X appearing in the space (3.7) containing the Uhlenbeck compactifica-
tion, M¯(P, g), and g is good by hypothesis.
3.3. Generic Riemannian metrics and uniform positive lower bounds for the least
eigenvalue of d+Ad
+,∗
A when F
+
A is L
2 small. Unlike Lemma 3.3, Theorem 3.7 requires that
F+A = 0 a.e. on X, not merely that ‖F+,gA ‖L2(X) < ε, for a small enough ε(g) ∈ (0, 1]. However,
by appealing to results of Sedlacek [38], we obtained in [17, Section 34] an extension of Theorem
3.7 that replaces the condition F+,gA = 0 a.e. on X by ‖F+,gA ‖L2(X) ≤ ε, for a small enough
ε(g, κ(P )) ∈ (0, 1].
Theorem 3.8 (Positive lower bound for the least eigenvalue of d+Ad
+,∗
A on a four-manifold with a
good Riemannian metric and almost anti-self-dual connection A). (See [17, Theorem 34.27].) Let
G be a compact, simple Lie group and P be a principal G-bundle over a closed, four-dimensional,
oriented, smooth manifold, X, with Riemannian metric, g. Assume that g is good in the sense
of Definition 1.3. Then there is a positive constant, ε = ε(g, κ(P )) ∈ (0, 1], with the following
significance. If A is a connection of Sobolev class W 1,2 on P such that
‖F+,gA ‖L2(X) ≤ ε,
and µg(A) is as in (3.4), then
(3.10) µg(A) ≥ µ0
2
,
where µ0 = µ0(g, κ(P )) is the positive constant in Theorem 3.7.
The generic metric theorems of Freed and Uhlenbeck [20], together with their extensions due
to Donaldson and Kronheimer [15], now yield the required hypothesis in Theorems 3.7 and 3.8
that the Riemannian metric, g, is good without the assumption that it is positive in the sense of
Definition 3.1 and hence yields the following corollaries.
Corollary 3.9 (Uniform positive lower bound for the smallest eigenvalue function when g is
generic, G is SU(2) or SO(3), and π1(X) has no non-trivial representations in G). (See [17,
Corollary 34.28].) Assume the hypotheses of Corollary 3.6 and that g is generic. Then there are
constants, ε = ε(g, κ(P )) ∈ (0, 1] and µ0 = µ0(g, κ(P )) > 0, such that
µg(A) ≥ µ0, ∀ [A] ∈M(P, g),
µg(A) ≥ µ0
2
, ∀ [A] ∈ Bε(P, g).
Corollary 3.9 follows from the observation that g ∈ ∩Ll=1C (X,κ(Pl)), where C (X,κ(Pl)) is as
in Theorem 3.5, and thus g is good in the sense of Definition 1.3, together with Theorem 3.7.
The proof of Corollary 3.9 extends without change to give
Corollary 3.10 (Uniform positive lower bound for the smallest eigenvalue function when g is
generic and G is SO(3)). (See [17, Corollary 34.29].) Assume the hypotheses of Corollary 3.9,
but replace the hypothesis on π1(X) by the requirement that G = SO(3) and no principal SO(3)-
bundle Pl over X appearing in the Uhlenbeck compactification, M¯(P, g) in (3.7), supports a flat
connection. Then the conclusions of Corollary 3.9 continue to hold.
See Remark 1.5 for a discussion of the apparently technical hypothesis in Corollary 3.10 on the
exclusion of flat connections in M¯(P, g).
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Remark 3.11 (Kronheimer-Mrowka extension of generic metrics theorems to non-simply-con-
nected four-dimensional manifolds). An enhancement due to Kronheimer and Mrowka [26, Corol-
lary 2.5] of the generic metrics theorems of Freed and Uhlenbeck [20, pp. 69–73] and Donaldson
and Kronheimer [15, Sections 4.3.3, 4.3.4, and 4.3.5], for a generic Riemannian metric, g, on X
ensures the following holds even when π1(X) is non-trivial: For b
+(X) ≥ 0, every connection, A,
that is anti-self-dual with respect to g on a principal SO(3) bundle over X has Coker d+,gA = 0,
unless A is reducible or flat1.
4. Good Riemannian metrics and energy gap for Yang-Mills connections
It remains to apply the argument employed by Min-Oo in [28, Section 3] and extend his proof
of [28, Theorem 2] from the case of a positive Riemannian metric to the more general case of a
good Riemannian metric, thus establishing Theorem 1 and hence Corollary 2.
4.1. An a priori estimate for the operator d+,∗A . For u ∈ Lr(X; Λp⊗adP ), where 1 ≤ r <∞
and p ≥ 0 is an integer, we denote
(4.1) ‖u‖
W k,rA (X)
:=
 k∑
j=0
∫
X
|∇jAu|r d volg
1/r ,
by analogy with [5, Definitions 2.2 and 2.3], where ∇A is the covariant derivative induced by
the connection, A, on P and the Levi-Civita connection defined by the Riemannian metric, g,
on T ∗X, and all associated vector bundles over X. The Sobolev spaces, W k,rA (X; Λ
p ⊗ adP ),
are the completions of Ωp(X; adP ) with respect to the norms (4.1), while the Sobolev spaces,
W k,rA (X; Λ
±⊗adP ), are the corresponding completions of Ω±(X; adP ); when r = 2, we abbreviate
these Sobolev spaces by HkA(X; Λ
p ⊗ adP ) and HkA(X; Λ± ⊗ adP ), respectively.
We recall the following useful a priori estimate from [19, Lemma 6.6], based in turn on estimates
due to Taubes in [41, Lemma 5.2] and in [43, Appendix A].
Lemma 4.1 (An a priori L2 estimate for d+,∗A and L
4/3 estimate for d+Ad
+,∗
A ). (See [19, Lemma
6.6].) Let X be a closed, four-dimensional, oriented, smooth manifold with Riemannian metric, g.
Then there are positive constants, c = c(g) and ε = ε(g) ∈ (0, 1], with the following significance.
If G is a compact Lie group, A is a connection of Sobolev class W 2,2 on a principal G-bundle P
over X with
(4.2) ‖F+A ‖L2(X) ≤ ε,
and v ∈ Ω+(X; adP ), then2
‖v‖H1A(X) ≤ c
(
‖d+,∗A v‖L2(X) + ‖v‖L2(X)
)
,(4.3)
‖v‖L4(X) ≤ c
(
‖d+,∗A v‖L2(X) + ‖v‖L2(X)
)
,(4.4)
‖d+,∗A v‖L2(X) ≤ c
(
‖d+Ad+,∗A v‖L4/3(X) + ‖v‖L2(X)
)
,(4.5)
‖v‖H1A(X) ≤ c
(
‖d+Ad+,∗A v‖L4/3(X) + ‖v‖L2(X)
)
.(4.6)
1Kronheimer and Mrowka assume in their [26, Definition 2.1] of an admissible four-dimensional manifold, X,
that b+(X)− b1(X) is odd and b+(X) > 1, but do not use those constraints in their proof of [26, Corollary 2.5].
2We correct a typographical error in the statement of inequality (2) in [19, Lemma 6.6], where the term ‖v‖L2(X)
was omitted on the right-hand side.
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Proof. The a priori estimates (4.3) and (4.5) are given by [19, Lemma 6.6] and (4.6) is a trivial
consequence of those. The a priori estimate (4.4) is obtained by combining (4.3) with the Kato
Inequality [20, Equation (6.20)] and the Sobolev embedding H1(X) →֒ L4(X). 
See [17, Section 34.2] for many more a priori estimates of this kind. In our application, we
shall only need the a priori estimate (4.3). We note the following immediate generalization of
the a priori estimate [28, Equation (3.15)] from the case of a positive Riemannian metric to that
of a Riemannian metric, g, such that µg(A) > 0.
Corollary 4.2 (An a priori L2 estimate for d+,∗A ). Let X be a closed, four-dimensional, oriented,
smooth manifold with a good Riemannian metric, g. Then there are positive constants, c = c(g) ∈
[1,∞) and ε = ε(g) ∈ (0, 1], with the following significance. Let G be a compact Lie group and
A be a connection of Sobolev class W 1,2 on a principal G-bundle P over X obeying (4.2) and
µg(A) > 0. If v ∈W 1,2A (X; Λ+,g ⊗ adP ), then
(4.7) ‖v‖W 1,2A (X) ≤ c
(
1 + 1/
√
µg(A)
)
‖d+,∗gA v‖L2(X),
where µg(A) is as in Definition 3.2.
Proof. The conclusion follows from Lemma 4.1 and the Definition 3.2 of µg(A) since√
µg(A) ‖v‖L2(X) ≤ ‖d+,∗gA v‖L2(X).
This completes the proof. 
4.2. Completion of the proofs of Theorem 1 and Corollary 2. We now have all the
ingredients required to conclude the
Proof of Theorem 1. For a connection, A, of class W 2,2 on P with ‖F+,gA ‖L2(X) < ε, where ε =
ε(g, κ(P )) ∈ (0, 1] is as in the hypotheses of Corollary 4.2, we can apply the a priori estimate
(4.7) to v = F+A to obtain
(4.8) ‖F+,gA ‖L2(X) ≤ c
(
1 + 1/
√
µ0/2
)
‖d+,∗gA F+,gA ‖L2(X),
where c = c(g) is as in Corollary 4.2 and µ0 = µ0(g, κ(P )) is the uniform positive lower bound
for 2µg(A) provided by Theorem 3.8. Just as in the paragraph following [28, Equation (3.15)],
we have
d
+,∗g
A F
+,g
A = −
1
2
∗g dA ∗g (1 + ∗g)FA = 1
2
d
∗g
A FA.
By hypothesis, A is Yang-Mills with respect to g, thus d
∗g
A FA = 0 a.e. on X, and so
d
+,∗g
A F
+,g
A = 0 a.e. on X.
Therefore, F+,gA = 0 a.e. on X by (4.8) and A is anti-self-dual with respect to g. 
Proof of Corollary 2. The conclusions follow from Theorem 1 and the positive uniform lower
bound on µg(A) provided by Corollaries 3.9 or 3.10. 
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Appendix A. Uhlenbeck continuity of the least eigenvalue of d+Ad
+,∗
A with
respect to the connection
For completeness, we include the statement and proof of our [17, Proposition 34.14] (restated
here as Proposition A.3) from [17, Section 34.3] together with required preparatory lemmata.
In order to extend Lemma 3.3 from the simple case of a positive Riemannian metric, g, though
arbitrary compact Lie group, G, to the more difficult case of a generic Riemannian metric, g, and
Lie groups G = SU(2) or SO(3), we shall need to closely examine the continuity properties of the
least eigenvalue of the elliptic operator d+Ad
+,∗
A with respect to the connection, A. We begin by
recalling the following Lp analogue of the a priori L∞ estimate [18, Lemma 5.3, Item (1)].
Lemma A.1 (An a priori Lp estimate for the connection Laplace operator). (See [17, Lemma
34.5].) Let X be a closed, smooth manifold of dimension d ≥ 4 and Riemannian metric, g, and
q ∈ (d,∞). Then there is a positive constant, c = c(g, q), with the following significance. Let
r ∈ (d/3, d/2) be defined by 1/r = 2/d + 1/q. Let A be a Riemannian connection of class C∞
on a Riemannian vector bundle E over X with covariant derivative ∇A and curvature FA. If
v ∈ C∞(X;E), then
(A.1) ‖v‖Lq(X) ≤ c
(‖∇∗A∇Av‖Lr(X) + ‖v‖Lr(X)) .
Proof. We adapt the proof of the estimate [18, Lemma 5.3, Item (1)]. For any v ∈ C∞(X;E), we
have the pointwise identity [20, Equation (6.18)], namely
|∇Av|2 + 1
2
d∗d|v|2 = 〈∇∗A∇Av, v〉 on X,
and thus,
|∇Av|2 + 1
2
(1 + d∗d)|v|2 = 〈∇∗A∇Av, v〉 +
1
2
|v|2 on X.
As in [18, Section 5.1], we let G ∈ C∞(X ×X \∆;R) denote the Green kernel for the augmented
Laplace operator, d∗d + 1, on C∞(X;R), where ∆ denotes the diagonal of X × X. Using the
preceding identity and the fact that∫
X
G(x, ·)(d∗d+ 1)|v|2 dV = |v|2(x), ∀x ∈ X,
we obtain∫
X
G(x, ·)|∇Av|2 d vol +1
2
|v|2(x)
≤
∫
X
G(x, ·)|〈∇∗A∇Av, v〉| d vol +
1
2
∫
X
G(x, ·)|v|2 d vol, ∀x ∈ X.
Writing the Green operator, G := (d∗d+ 1)−1, as
(Gv)(x) :=
∫
X
G(x, ·)v d vol, ∀x ∈ X,
we observe that G extends to define a bounded operator,
G : Ls(X)→ Lt(X),
when s ∈ (1, d/2) and t ∈ (d/2,∞) satisfy 1/s = 2/d+1/t since a fortiori G extends to a bounded
operator,
G : Ls(X)→W 2,s(X),
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and W 2,s(X) →֒ Lt(X) is a continuous embedding by [1, Theorem 4.12] when t is defined as
above. In particular, there is a positive constant, c = c(g, s), such that
‖Gf‖Lt(X) ≤ c‖f‖Ls(X), ∀ f ∈ Ls(X).
Therefore, expressing the preceding inequality for v more compactly as
G(|∇Av|2) + 1
2
|v|2 ≤ G|〈∇∗A∇Av, v〉| +
1
2
G(|v|2) on X,
and dropping the first term on the left, we find that, for c = c(g, s),
‖|v|2‖Lt(X) ≤ 2‖G|〈∇∗A∇Av, v〉|‖Lt(X) + ‖G(|v|2)‖Lt(X)
≤ c‖〈∇∗A∇Av, v〉‖Ls(X) + c‖|v|2‖Ls(X).
Using
1
s
=
2
d
+
1
t
=
2
d
+
1
2t
+
1
2t
=
d+ 4t
2dt
+
1
2t
,
we see that
‖〈∇∗A∇Av, v〉‖Ls(X) ≤ ‖∇∗A∇Av‖L2dt/(d+4t)(X)‖v‖L2t(X),
‖|v|2‖Ls(X) ≤ ‖v‖L2dt/(d+4t)(X)‖v‖L2t(X).
Therefore,
‖v‖2L2t(X) ≤ c‖∇∗A∇Av‖L2dt/(d+4t)(X)‖v‖L2t(X) + c‖v‖L2dt/(d+4t)(X)‖v‖L2t(X),
and thus, for v not identically zero,
‖v‖L2t(X) ≤ c
(
‖∇∗A∇Av‖L2dt/(d+4t)(X) + ‖v‖L2dt/(d+4t)(X)
)
,
for any t ∈ (d/2,∞). But (d + 4t)/(2dt) = 1/(2t) + 2/d, so writing q = 2t ∈ (d,∞) and
r = 2dt/(d + 4t) ∈ (d/3, d/2) (for t ∈ (d/2,∞)) yields (A.1), where 1/r = 2/d+ 1/q. 
We now apply Lemma A.1 to prove the
Lemma A.2 (An a priori Lp estimate for d+Ad
+,∗
A ). (See [17, Lemma 34.6].) Let X be a closed,
four-dimensional, oriented, smooth manifold, X, with Riemannian metric, g, and q ∈ [4,∞).
Then there are positive constants, c = c(g, q) ∈ [1,∞) and ε = ε(g, q) ∈ (0, 1], with the following
significance. Let r ∈ [4/3, 2) be defined by 1/r = 1/2 + 1/q. Let G be a compact Lie group and A
a connection of class C∞ on a principal bundle P over X that obeys the curvature bound (4.2).
If v ∈ Ω+(X; adP ), then
(A.2) ‖v‖Lq(X) ≤ c
(
‖d+Ad+,∗A v‖Lr(X) + ‖v‖Lr(X)
)
.
Proof. We first dispose of the simplest case, q = 4 and r = 4/3. We combine the Kato Inequality
[20, Equation (6.20)], Sobolev embedding H1(X) →֒ L4(X), and a priori estimate (4.6) to give
‖v‖L4(X) ≤ c(‖d+Ad+,∗A v‖L4/3(X) + ‖v‖L2(X)).
Substituting the interpolation inequality, ‖v‖L2(X) ≤ ‖v‖1/2L4/3(X)‖v‖
1/2
L4(X)
, in the preceding esti-
mate yields, for any ζ > 0,
‖v‖L4(X) ≤ c‖d+Ad+,∗A v‖L4/3(X) + c‖v‖1/2L4/3(X)‖v‖
1/2
L4(X)
≤ c‖d+Ad+,∗A v‖L4/3(X) +
c
2ζ
‖v‖L4/3(X) +
cζ
2
‖v‖L4(X).
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We obtain (A.2) when q = 4 and r = 4/3 from the preceding inequality by choosing ζ = 1/c.
For the remainder of the proof, we assume q ∈ (4,∞) and r ∈ (4/3, 2). The Bochner-
Weitzenbo¨ck formula (3.2), namely,
2d+Ad
+,∗
A = ∇∗A∇A +
(
R
3
− 2w+
)
+ {F+A , ·},
yields, for v ∈ Ω+(X; adP ),
‖∇∗A∇Av‖Lr(X) ≤ 2‖d+Ad+,∗A v‖Lr(X) + c‖v‖Lr(X) + ‖{F+A , v}‖Lr(X),
and some c = c(g). Since 1/r = 1/2 + 1/q by hypothesis, we see that
‖{F+A , v}‖Lr(X) ≤ c‖F+A ‖L2(X)‖v‖Lq(X),
for some c = c(g). Combining the preceding inequalities with the estimate (A.1) yields
‖v‖Lq(X) ≤ c‖d+Ad+,∗A v‖Lr(X) + c‖v‖Lr(X) + c‖F+A ‖L2(X)‖v‖Lq(X),
for some c = c(g, q). Provided c‖F+A ‖L2(X) ≤ 1/2, rearrangement gives (A.2) when r ∈ (4/3, 2).

The following proposition extends [17, Lemmata 34.11, 34.12, and 34.13] in order to accommo-
date the weak notion of convergence described by Sedlacek in his [38, Theorem 3.1]. In contrast to
the Uhlenbeck convergence as defined in [15, Condition 4.4.2], Sedlacek replaces the usual strong
W k,ploc (X\Σ) convergence of connections, with k ≥ 1 and p ≥ 2 obeying kp > 4, by weakH1loc(X\Σ)
convergence and strong Lploc(X \Σ) convergence with p ∈ [2, 4). Here, Σ = {x1, . . . , xl} ⊂ X is a
finite set of points where the curvature densities, |FAm |2, concentrate as m→∞. If Y is a closed,
smooth manifold with Riemannian metric h, we let Inj(Y, h) denote its injectivity radius.
Proposition A.3 (Lploc continuity of the least eigenvalue of d
+
Ad
+,∗
A with respect to the connection
for 2 ≤ p < 4). (See [17, Proposition 34.14].) Let X be a closed, connected, four-dimensional,
oriented, smooth manifold with Riemannian metric, g. Then there are a positive constant c =
c(g) ∈ [1,∞) and a constant ε = ε(g) ∈ (0, 1] such that the following holds. Let G be a compact
Lie group, A0 a connection of class H
1 on a principal G-bundle P0 over X obeying the curvature
bound (4.2) with constant ε, and L ≥ 1 an integer, and p ∈ [2, 4). Then there are constants
cp = cp(g, p) ∈ [1,∞) and δ = δ(µ(A0), g, L, p) ∈ (0, 1] and ρ0 = ρ0(µ(A0), g, L) ∈ (0, 1∧Inj(X, g)]
with the following significance. Let ρ ∈ (0, ρ0] and Σ = {x1, . . . , xL} ⊂ X be such that
distg(xl, xk) ≥ ρ for all k 6= l,
and let U ⊂ X be the open subset given by
U := X \
L⋃
l=1
B¯ρ/2(xl).
Let P be a principal G-bundle over X such that there is an isomorphism of principal G-bundles,
u : P ↾ X \ Σ ∼= P0 ↾ X \ Σ, and identify P ↾ X \ Σ with P0 ↾ X \ Σ using this isomorphism. Let
A be a connection of class H1 on P obeying the curvature bound (4.2) with constant ε such that
(A.3) ‖A−A0‖Lp(U) ≤ δ.
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Then µ(A) in (3.4) satisfies the lower bound,
(A.4)
√
µ(A) ≥
√
µ(A0)− c
√
Lρ1/6(µ(A) + 1)
− cLρ
(√
µ(A) + 1
)
− cp‖A−A0‖Lp(U)(µ(A) + 1),
and upper bound,
(A.5)
√
µ(A) ≤
√
µ(A0) + c
√
Lρ1/6(µ(A0) + 1)
+ cLρ
(√
µ(A0) + 1
)
+ cp‖A−A0‖Lp(U)(µ(A0) + 1).
Proof. Since the argument is lengthy, we divide it into several steps.
Step 1 (The eigenvalue identity). By hypothesis, X = U ∪ (∪Ll=1B¯ρ/2(xl)) and we may choose
a C∞ partition of unity, {χl}Ll=0, for X subordinate to the open cover of X given by U and the
open balls, Bρ(xl) for 1 ≤ l ≤ L, such that χl = 1 on Bρ/2(xl) and suppχl ⊂ Bρ(xl) for 1 ≤ l ≤ L
and suppχ0 ⊂ U , while
∑L
l=0 χl = 1 on X and 0 ≤ χl ≤ 1 for 0 ≤ l ≤ L. In addition, we may
suppose that there is a constant, c = c(g), such that
(A.6) |dχl| ≤ c
ρ
on X, for 0 ≤ l ≤ L.
We consider v ∈ Ω+(X; adP ) and write v = ∑Ll=0 χlv. Because suppχk ∩ suppχl = ∅ for all
k 6= l with 1 ≤ k, l ≤ L and χ0 = 1− χl on Bρ(xl) for 1 ≤ l ≤ l, we see that
‖d+,∗A v‖2L2(X) =
L∑
l=0
‖d+,∗A (χlv)‖2L2(X) + 2
∑
k<l
(
d+,∗A (χkv), d
+,∗
A (χlv)
)
L2(X)
=
L∑
l=0
‖d+,∗A (χlv)‖2L2(X) + 2
L∑
l=1
(
d+,∗A (χ0v), d
+,∗
A (χlv)
)
L2(X)
=
L∑
l=0
‖d+,∗A (χlv)‖2L2(X) + 2
L∑
l=1
(
d+,∗A ((1 − χl)v), d+,∗A (χlv)
)
L2(X)
,
and hence,
‖d+,∗A v‖2L2(X) = ‖d+,∗A (χ0v)‖2L2(X) −
L∑
l=1
‖d+,∗A (χlv)‖2L2(X) + 2
L∑
l=1
(
d+,∗A v, d
+,∗
A (χlv)
)
L2(X)
.
We now choose v ∈ H1A(X; Λ+ ⊗ adP ) with ‖v‖L2(X) = 1 to be an eigenvector for the least
eigenvalue µ(A) of d+Ad
+,∗
A . Hence, the preceding identity and (3.4) yield
(A.7) µ(A) = ‖d+,∗A (χ0v)‖2L2(X) −
L∑
l=1
‖d+,∗A (χlv)‖2L2(X) + 2
L∑
l=1
(
d+,∗A v, d
+,∗
A (χlv)
)
L2(X)
,
the basic eigenvalue identity for µ(A).
To proceed further, we need a lower bound for the expression ‖d+,∗A (χ0v)‖2L2(X) in (A.7) in
terms of µ(A0) and small upper bounds for the remaining terms on the right-hand side of (A.7).
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Step 2 (Upper bound for the terms (d+,∗A v, d
+,∗
A (χlv))L2(X) when 1 ≤ l ≤ L). Observe that(
d+,∗A v, d
+,∗
A (χlv)
)
L2(X)
=
(
d+Ad
+,∗
A v, χlv
)
L2(X)
= µ(A) (v, χlv)L2(X) ,
and thus, for 1 ≤ l ≤ L,∣∣∣∣(d+,∗A v, d+,∗A (χlv))L2(X)
∣∣∣∣ ≤ µ(A)‖√χlv‖2L2(X)
≤ µ(A) (Volg(suppχl))1/2 ‖v‖2L4(X)
≤ cρ2µ(A)‖v‖2L4(X)
≤ cρ2µ(A)
(
‖d+,∗A v‖L2(X) + ‖v‖L2(X)
)2
(by (4.4)).
Thus, noting that ‖d+,∗A v‖L2(X) =
√
µ(A)‖v‖L2(X) by (3.4) and ‖v‖L2(X) = 1, we have
(A.8)
∣∣∣∣(d+,∗A v, d+,∗A (χlv))L2(X)
∣∣∣∣ ≤ cρ2µ(A)(1 + µ(A)), for 1 ≤ l ≤ L,
where c = c(g).
Step 3 (Upper bound for the terms ‖d+,∗A (χlv)‖2L2(X) when 1 ≤ l ≤ L). For 0 ≤ l ≤ L, we have
d+,∗A (χlv) = − ∗ dA ∗ (χlv) = − ∗ (dχl ∧ v + χldAv) = − ∗ (dχl ∧ v) + χld+,∗A v.
Hence, for s ∈ (2, 4) and t ∈ (4,∞) obeying 1/2 = 1/s + 1/t, we have∣∣∣‖d+,∗A (χlv)‖L2(X) − ‖χld+,∗A v‖L2(X)∣∣∣ ≤ ‖dχl‖Ls(X)‖v‖Lt(X).
The pointwise bound (A.6) for dχl implies that there is a positive constant, c = c(g) when
1 ≤ l ≤ L and c = Lc0(g) when l = 0, such that, for any u ∈ [1,∞],
(A.9) ‖dχl‖Lu(X) ≤ cρ(4/u)−1, 0 ≤ l ≤ L.
We choose s = u = 3 and t = 6 and combine the two preceding inequalities to give∣∣∣‖d+,∗A (χlv)‖L2(X) − ‖χld+,∗A v‖L2(X)∣∣∣
≤ cρ1/3‖v‖L6(X)
≤ cρ1/3
(
‖d+Ad+,∗A v‖L3/2(X) + ‖v‖L3/2(X)
)
(by (A.2) with r = 3/2)
= cρ1/3(µ(A) + 1)‖v‖L3/2(X),
where we used the fact that d+Ad
+,∗
A v = µ(A)v in the last equality. Thus, for a positive constant,
c = c(g) when 1 ≤ l ≤ L and c = Lc0(g) when l = 0,
(A.10)
∣∣∣‖d+,∗A (χlv)‖L2(X) − ‖χld+,∗A v‖L2(X)∣∣∣ ≤ cρ1/3(µ(A) + 1), for 0 ≤ l ≤ L.
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Restricting now to 1 ≤ l ≤ L, we have
‖χld+,∗A v‖2L2(X) =
(
χ2l d
+,∗
A v, d
+,∗
A v
)
L2(X)
=
(
χ2l d
+
Ad
+,∗
A v + 2χl
(
dχl ∧ d+,∗A v
)+
, v
)
L2(X)
= µ(A)‖χlv‖2L2(X) + 2
(
χldχl ∧ d+,∗A v, v
)
L2(X)
≤ µ(A)(Volg(suppχl))1/2‖v‖2L4(X) + 2
(
χldχl ∧ d+,∗A v, v
)
L2(X)
.
Therefore, applying (4.4) in the preceding inequality together with the facts that ‖d+,∗A v‖L2(X) =√
µ(A)‖v‖L2(X) by (3.4) and ‖v‖L2(X) = 1,
(A.11) ‖χld+,∗A v‖2L2(X) ≤ cρ2µ(A)
(√
µ(A) + 1
)2
+ 2
(
χldχl ∧ d+,∗A v, v
)
L2(X)
, for 1 ≤ l ≤ L.
The inner product term in (A.11) is bounded via∣∣∣∣(χldχl ∧ d+,∗A v, v)L2(X)
∣∣∣∣ ≤ ‖dχl‖L3(X)‖d+,∗A v‖L2(X)‖v‖L6(X)
=
√
µ(A) ‖dχl‖L3(X)‖v‖L6(X) (by (3.4))
≤ cρ1/3
√
µ(A)(µ(A) + 1) (by (A.2) and (A.9)),
with q = 6 and r = 3/2 in (A.2). Hence, substituting the preceding inequality in (A.11) yields
‖χld+,∗A v‖2L2(X) ≤ c
(
ρ2µ(A) + ρ1/3
√
µ(A)
)
(µ(A) + 1), for 1 ≤ l ≤ L.
By combining the preceding estimate with (A.10) (and the elementary inequality, x2 ≤ 2(x −
y)2 + 2y2 for x, y ∈ R) we obtain
‖d+,∗A (χlv)‖2L2(X) ≤ 2
∣∣∣‖d+,∗A (χlv)‖L2(X) − ‖χld+,∗A v‖L2(X)∣∣∣2 + 2‖χld+,∗A v‖2L2(X)
≤ cρ2/3(µ(A) + 1)2 + c
(
ρ2µ(A) + ρ1/3
√
µ(A)
)
(µ(A) + 1),
and thus, noting that ρ ∈ (0, 1],
(A.12) ‖d+,∗A (χlv)‖2L2(X) ≤ cρ1/3(µ(A) + 1)2, for 1 ≤ l ≤ L,
for c = c(g). This completes our analysis of all terms on the right-hand side of (A.7) with l 6= 0.
Step 4 (Lower bound for the term ‖d+,∗A (χ0v)‖L2(X) and preliminary lower bound for µ(A)).
Without loss of generality in the remainder of the proof, we may restrict attention to p ∈ (2, 4].
For convenience, we write a := A − A0 ∈ H1A0(X; Λ1 ⊗ adP ). For the term in (A.7) with l = 0,
we note that d+,∗A v = d
+,∗
A0
v− ∗(a ∧ v) on X \Σ and thus, for p ∈ (2, 4] and q ∈ [4,∞) defined by
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1/2 = 1/p+ 1/q and r ∈ [4/3, 2) defined by 1/r = 1/2 + 1/q,∣∣∣‖d+,∗A (χ0v)‖L2(X) − ‖d+,∗A0 (χ0v)‖L2(X)∣∣∣
≤ ‖ ∗ (a ∧ χ0v)‖L2(X)
≤ 2‖a‖Lp(suppχ0)‖v‖Lq(X)
≤ cp‖a‖Lp(U)
(
‖d+Ad+,∗A v‖Lr(X) + ‖v‖Lr(X)
)
(by (A.2))
= cp‖a‖Lp(U)(µ(A) + 1)‖v‖Lr(X) (by (3.4)),
where we used the fact that suppχ0 ⊂ U by construction and cp = cp(g, p). Thus, noting that
‖v‖Lr(X) ≤ (Volg(X))1/q ‖v‖L2(X),
and ‖v‖L2(X) = 1, we see that
(A.13)
∣∣∣‖d+,∗A (χ0v)‖L2(X) − ‖d+,∗A0 (χ0v)‖L2(X)∣∣∣ ≤ cp‖a‖Lp(U)(µ(A) + 1),
for a positive constant, cp = cp(g, p). Next, we observe that
‖d+,∗A0 (χ0v)‖L2(X) ≥
√
µ(A0)‖χ0v‖L2(X) (by (3.4))
≥
√
µ(A0)
(
‖v‖L2(X) −
L∑
l=1
‖χlv‖L2(X)
)
≥
√
µ(A0)
(
‖v‖L2(X) − ‖v‖L4(X)
L∑
l=1
(Volg(suppχl))
1/4
)
≥
√
µ(A0)
(‖v‖L2(X) − cLρ‖v‖L4(X))
≥
√
µ(A0)‖v‖L2(X) − cLρ
(
‖d+,∗A v‖L2(X) + ‖v‖L2(X)
)
,
where c = c(g) and we used (4.4) to obtain the preceding inequality. Therefore, because
‖d+,∗A v‖L2(X) =
√
µ(A)‖v‖L2(X) by (3.4) and ‖v‖L2(X) = 1,
(A.14) ‖d+,∗A0 (χ0v)‖L2(X) ≥
√
µ(A0)− cLρ
(√
µ(A) + 1
)
.
Observe that
‖d+,∗A0 (χ0v)‖L2(X) ≤ ‖d
+,∗
A (χ0v)‖L2(X) +
∣∣∣‖d+,∗A0 (χ0v)‖L2(X) − ‖d+,∗A (χ0v)‖L2(X)∣∣∣ .
We rewrite the preceding inequality and combine with (A.13) and (A.14) to give
‖d+,∗A (χ0v)‖L2(X) ≥ ‖d+,∗A0 (χ0v)‖L2(X) −
∣∣∣‖d+,∗A (χ0v)‖L2(X) − ‖d+,∗A0 (χ0v)‖L2(X)∣∣∣
≥
√
µ(A0)− cLρ
(√
µ(A) + 1
)
− cp‖a‖Lp(U)(µ(A) + 1),
for positive constants, c = c(g) and cp = cp(g, p). We substitute the preceding inequality, together
with (A.8) and (A.12), in (A.7) to discover that µ(A) obeys
(A.15) µ(A) ≥
(√
µ(A0)− cLρ
(√
µ(A) + 1
)
− cp‖a‖Lp(U)(µ(A) + 1)
)2
− cLρ2µ(A)(1 + µ(A))− cLρ1/3(µ(A) + 1)2,
a preliminary lower bound for µ(A), where c = c(g) and cp = cp(g, p).
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Step 5 (Upper and lower bounds for µ(A)). The inequality (A.15) implies an upper bound for
µ(A0) in terms of µ(A) and hence, by interchanging the roles of A and A0, an upper bound for µ(A)
in terms of µ(A0). Therefore, regarding A0 as fixed, for small enough δ = δ(µ(A0), g, L, p) ∈ (0, 1]
and ρ0 = ρ0(µ(A0), g, L) ∈ (0, 1 ∧ Inj(X, g)], recalling that ρ ∈ (0, ρ0] and ‖a‖Lp(U) ≤ δ by
hypothesis, we may suppose that√
µ(A0)− cLρ
(√
µ(A) + 1
)
− cp‖a‖Lp(U)(µ(A) + 1) ≥ 0.
Thus, using the elementary inequality, (x+y)1/2 ≤ x1/2+y1/2 for x, y ≥ 0, we obtain from (A.15)
that√
µ(A) +
(
cLρ2µ(A)(1 + µ(A)) + cLρ1/3(µ(A) + 1)2
)1/2
≥
√
µ(A0)− cLρ
(√
µ(A) + 1
)
− cp‖a‖Lp(U)(µ(A) + 1).
The preceding inequality yields the desired lower bound (A.4) for µ(A), after an another appli-
cation of the elementary inequality, (x+ y)1/2 ≤ x1/2 + y1/2 for x, y ≥ 0 to give(
cLρ2µ(A)(1 + µ(A)) + cLρ1/3(µ(A) + 1)2
)1/2
≤ c
√
Lρ
√
µ(A)
(
1 +
√
µ(A)
)
+ c
√
Lρ1/6(µ(A) + 1)
≤ c
√
Lρ1/6(µ(A) + 1).
Interchanging the roles of A and A0 in the preceding inequality yields the desired upper bound
(A.5) for µ(A).
This completes the proof of Proposition A.3. 
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